Abstract: This is the first paper of a series that will examine the options for embedding supersymmetric orbifold-GUTs into five-dimensional N =2 Yang-Mills-Einstein supergravity theories (YMESGTs). In particular, we focus on the allowed couplings of charged hypermultiplets in the lowest dimensional reps of the gauge groups SU (5), SO(10) and E 6 . Our results are within the classification of homogeneous quaternionic scalar manifolds. In the minimal coupling of a generation of bulk matter hypermultiplets, supergravity requires the field content of an SO(10) scenario. In the minimal coupling of n bulk generations of matter and higgs hypermultiplets, supergravity requires the field content of an E 6 scenario. We also discuss the coupling of tensors and non-compact gaugings in 5D YMESGTs, which can serve as alternative ways to obtain four-dimensional Higgs sectors. Charged tensor couplings seem to be difficult to work with phenomenologically since a U (1) gauge factor is always required when they are present, and it is not clear if tensors can be put in unified multiplets with other fields, if this is desired. This seems to imply that tensor coulpings in GUT scenarios may be better suited in higher dimensional settings. The non-compact gaugings discussed here are those of [25, 34] , and offer a novel unification scenario in which the supergravity and vector multiplets are connected by gauge transformations. The main points are summarized in tables and the conclusion. Although the discussion is in the spirit of a "bottom-up" approach, M-theory is taken as a motivating background.
Introduction
"Grand Unified Theories" (GUTs) seek to explain some of the arbitrary features of the Standard Model, and as a by-product, introduce additional issues that must be resolved. The proton decay rate is one of these issues, which arises from the new interactions present with unified groups. Also, a larger unified gauge group requires the introduction of additional massless Higgs fields that are not present in the Standard Model. Furthermore, assuming unification of the gauge couplings, the value of the weak mixing angle via sin 2 θ W can be predicted and compared with experiment; although suggestively close, the difference is larger than experimental and theoretical uncertainties.
The introduction of rigid spacetime supersymmetry is theoretically and phenomenologically compelling. It offers a mechanism for stabilization of the electroweak-Planck scale hierarchy (really, the problem becomes: how is supersymmetry spontaneously broken). As for 4D unified theories, the presence of supersymmetry modifies the prediction for sin 2 θ W such that it is in better agreement with the experimental value [1] . The gauge couplings in unified theories meet at a scale that is reasonably close (on a logarithmic scale) to the scale at which gravitational quantum effects are expected to become non-negligible; even closer in the presence of supersymmetry [1] . However, the gravitational and gauge couplings do miss each other in this framework. But the prediction of the unification scale is an extrapolation based on a 4D Yang-Mills field theory. Therefore, it is at least just as reasonable to propose that the four couplings unify closer to the Planck scale if a quantum theory with gravity is used as the more fundamental theory. From this point of view, the fact that the gauge couplings and gravitational couplings do not exactly meet in 4D susy GUTs indicates that we should be considering corrections due to this more fundamental theory. For example, heterotic string theory compactified to four dimensions yields a theory whose correction terms can bring the grand unification scale even closer to the characteristic string scale M s , and is in fact sufficient to obtain complete coupling unification (an extensive review is [2] , while later discussion can be found in [3] ). There are downsides to such string unification scenarios, though: Newton's constant is generically unphysically large; and string corrections can change the prediction for sin 2 θ W such that it no longer agrees with experiment. 1 The work of Horava and Witten [5] offered a possible resolution to these issues. It was shown that the strong coupling limit of the 10D heterotic string theory with E 8 × E 8 gauge group has a description as a weakly coupled 11D theory (M-theory) on M 10 × S 1 /Z 2 . Further compactification on a Calabi-Yau 3-fold Y yields a theory on M 4 × S 1 /Z 2 with gauge fields that have support only on the boundaries. Due to the ground state product structure of the spacetime, the size of the spaces can be adjusted independently; setting the size of S 1 /Z 2 to be much larger than Y , we obtain an effective 5D theory at some intermediate energy scale. As a result, the running of the gravitational coupling starting from 4D is pushed up at the compactification scale M c (the scale of S 1 /Z 2 ), and all four couplings can meet in the newly unveiled 5D theory. The running of the gauge couplings is unaffected by the fifth dimension since the gauge fields are confined to the 4D boundary. This allows a complete unification of couplings in the framework of string theory, without ruining the original predictions of sin 2 θ W . Such scenarios predict a 4D Newtonian constant that can have a physically correct order of magnitude, in contrast to compactifications of weakly coupled heterotic string theory.
1 It is possible, though, to obtain a prediction for sin 2 θW that is in good agreement with experiment; see e.g. [4] .
These results inspired bottom-up (phenomenological) approaches to dealing with some of the problems in GUTs. In a number of papers, it was proposed that the the four-dimensional Standard Model is the low energy effective theory of a higher dimensional supersymmetric GUT field theory. In contrast to earlier Kaluza-Klein unification scenarios (see e.g. [6] ), these low energy effective theories arise from a theory in a five-dimensional spacetime with boundary; for example, M 5 /Z 2 (for some early papers on this, see [7, 8, 9] ). In the literature, however, the simplest models have ground state spacetimes isomorphic to M 4 × S 1 /Z 2 , as in compactifications of the Horava-Witten theory. Such orbifold-GUTs can suppress proton decay by first eliminating dimension five operators responsible for decay that is too fast; and second by giving large masses to the new fields responsible for the decay. Additionally, unwanted scalars in Higgs multiplets of GUT theories can receive large masses, leaving only massless weak doublets. The presence of boundaries can also perform some or all of the breaking of the GUT group to the Standard Model gauge group. However, since the gauge fields now live in 5D, the presence of the fifth dimension affects the running of the gauge couplings, in contrast to the HW scenario. Therefore, we might worry about the prediction of sin 2 θ W [10] .
In light of the above discussion regarding the role of gravitation, the next step from 5D supersymmetric orbifold-GUTs is to embed them into 5D N = 2 supergravity. General features of 5D supergravity orbifolds (without reference to string/M-theory) have been considered in the literature, with couplings to vector and hypermultiplets [11, 12, 13] . However, the question remains, can one realize the field content in orbifold-GUTs within the framework of supergravity, and what are the specific theories that do so. This is the first step in a series of papers that will analyze YMESGTs on orbifold spacetimes, with the motivation being GUT scenarios (from a bottom-up point of view) and strongly coupled string theory (from a top-down point of view).
Embedding 5D supersymmetric GUTs into supergravity is not a trivial incorporation, as N = 2 supergravity places restrictive relationships between gaugings and matter content. It helps to review the situation in the case of four-dimensional theories. In the case of rigidly supersymmetric theories, the set of allowed spin-1/2 multiplet couplings is in one-to-one correspondence with all Kähler manifolds in the case of N = 1 supersymmetry; and hyperKähler manifolds in the case of N = 2 supersymmetry. Local supersymmetry (supergravity) imposes additional restrictions such that the set of allowed spin-1/2 couplings is in one-to-one correspondence with Hodge manifolds, which are special cases of Kähler manifolds, in the case of N = 1 supersymmetry; and one-to-one correspondence with quaternionic manifolds in the case of N = 2 supersymmetry. Thus, in the case of N = 1 supersymmetry, only a subset of the possible matter couplings with rigid supersymetry may be directly coupled to supergravity; and in the case of N = 2 supersymmetry, none of the possible matter couplings with rigid supersymmetry may be directly coupled to supergravity. The latter result follows from the fact that quaternionic manifolds have non-zero curvature, while hyper-Kähler manifolds are flat [14] .
Despite the inability to directly couple N = 2 supersymmetric theories to supergravity, we can obtain one theory from the other using a particular mapping. The mapping is between quaternionic and hyper-Kähler manifolds as the curvature is taken to zero, corresponding to the decoupling of supergravity (the "rigid limit"). See [15] for the discussion of rigid limits in 4D N = 2 supergravity. It has not been proven that a rigid limit always exists. In fact, it has been shown that there is no rigid limit for supergravity coupled to particular compact scalar manifolds. If the rigid limit exists, we may take a supergravity theory with compact gauge group coupled to a particular quaternionic scalar manifold, and obtain a particular super-Yang-Mills theory coupled to a hyper-Kähler scalar manifold. Though the nature of the hypermultiplet couplings change in this limit, the gauge group representations assigned to the hypermultiplets remain unchanged. The layout of the paper is as follows. In section 2, we briefly describe orbifold-GUTs for super Yang-Mills theories. In section 3 (and in the appendices), we review the framework of 5D N = 2 supergravity, and provide a list of hypermultiplet couplings for E 6 , SO(10) and SU (5) YMESGTs. In section 4, we describe an alternative way of obtaining scalars in nontrivial representations of almost-unified gauge groups (necessarily with an abelian factor): by coupling charged tensor multiplets. In section 5, we comment on non-compact gaugings in supergravity and their possible role in GUTs. In section 6, we make concluding remarks, summarizing the models that can correspond to the orbifold-GUTs popularly considered in the literature. Finally, section 7 contains some future directions in which we are working.
(Rigidly) Supersymmetric Orbifold-GUTs
In susy orbifold-GUTs, some of the weaknesses of 4D unification models are resolved (as briefly discussed in the introducion), while the strengths are left alone where possible. In particular, the observed fermions already fit nicely into SU (5) representations; or after addition of a gauge singlet fermion, into SO (10) . Even further, the Standard Model Higgs fields can join the fermions (with two additional singlet fermions) to form an irrep of E 6 . Also, the prediction of sin 2 θ W is not bad in four dimensional susy-GUTs. Thus, supermultiplets containing the quarks and leptons were originally often given support solely at the fourdimensional fixed planes of the orbifold action. However, later models allowed at least one generation to lie in the bulk [16, 17] . On the other hand, the Higgs sector is not as attractive in four-dimensional GUT theories, as extra massless fields must be introduced to form irreps of the GUT group and large dimension representations are required to spontaneously break the unified group down to the Standard Model. By putting the supermultiplets containing the Standard Model Higgs scalars in the five-dimensional bulk, orbifold scenarios can perform part of the breaking, removing the need for a large Higgs sector as well as giving undesirable multiplets large masses. In contrast to Horava-Witten or Randall-Sundrum type scenarios, orbifold-GUTs have non-abelian gauge multiplets in the bulk giving rise to non-abelian gauge multiplets on the orbifold fixed planes. This means that the running of gauge couplings will be modified at the scale of compactification for the fifth dimension. However, in 5D orbifold theories, the fifth dimension is the only extra dimension that is "large", which means the modifications may not be as drastic (this can be seen in the calculations of gauge coupling running throughout the orbifold-GUT literature). The 4D minimal supersymmetric standard model requires a minimum Higgs supermultiplet content of two chiral multiplets forming the 2 ⊕2 of SU (2), along with their CPT conjugate supermultiplets. In fact, this minimum number is preferred by predictions of sin 2 θ W [18] .
However, we do not need to assume such minimality in general; in fact, some constructions outside the framework of orbifold-GUTs prefer non-minimal Higgs coupling [19] . A 5D hypermultiplet H consists of four scalars and two spin-1/2 fields, which would form a pair of 4D N = 1 chiral multiplets {H, H c } and their CPT conjugates. However, orbifold parity assignments restrict the boundary propagating modes to be the H or H c chiral multiplets. Therefore, in SU (5) orbifold models the Higgs scalars can be minimally taken to come from 5D hypermultiplets in the 5⊕ 5 of SU (5). In SO(10) orbifold models, the scalars are taken to sit in a 5D hypermultiplet in the 10 of SO (10) . Finally, in E 6 models, the 5D hypermultiplets are taken in the 27 of E 6 . If these theories are to be low energy effective descriptions of superstring theory, there is a technical point to keep in mind. To break a GUT group to the Standard Model gauge group solely via a Higgs mechanism requires fields in the adjoint, or larger, representation of the GUT group (as in the model in [20] described below). Such a state does not exist below the string scale in (weakly coupled) heterotic string theory if the gauge group is based on a level one Kac-Moody algebra defined on the worldsheet [21, 22] . Thus, breaking the unified gauge group with a Higgs mechanism at a 4D boundary requires a string theory whose 4D gauge group is based on a higher level underlying Kac-Moody algebra. This is not as economical since a large number of additional states, which appear unnecessary, are introduced. 2 In contrast, one can spontaneously break a partially unified gauge group 3 with a level one spectrum, so all that would remain is to explicitly break the unified group to such a partially unified gauge group using boundary conditions. Such a mixed scenario has been considered in [17] . This is one of the benefits of orbifold-GUT scenarios (from the point of view of string theory).
5D YMESGTs and hypermultiplets
Our goal is to see how the bulk part of orbifold-GUTs can fit into N = 2 5D supergravity. In this section we briefly review the latter's framework (see appendices A,B,C or the references therein for more details).
MESGTs and YMESGTs
Consider a 5D N = 2 Maxwell-Einstein supergravity theory (MESGT) with n V vector multiplets [24] . The scalars in the vector multiplets parametrize a "very special" n V -dimensional real Riemannian scalar manifold M R , with (possibly trivial) isometry group Iso(M R ). The global symmetry group of the Lagrangian is G × SU (2) R ; G ⊂ Iso(M R ) consists of the symmetries of the scalar manifold that are symmetries of the Lagrangian; and SU (2) R is the automorphism group of the N = 2 superalgebra.
Consider now the gauging of an m-dimensional subgroup K ⊂ G ⊂ Iso(M R ), promoting m of the n V +1 vector fields of the theory to gauge fields [25, 26] . Such theories are called YangMills-Einstein supergravity theories (YMESGTs). Note: We are not considering the gauging of R-symmetries in this paper; see appendix C for terminology. Since we are interested only in compact gaugings here, K only has to be a subgroup of the maximal compact subgroup of G. The n V + 1 vector fields in the (not necessarily irreducible)
The m vector fields forming the adjoint representation of K can then become the gauge fields of the theory, while all other vector fields in non-trivial reps must be dualized to tensor fields, which satisfy a field equation taking the form of a "self-duality" constraint (see [27, 28, 29] and appendix C.2). The remaining vector fields, transforming trivially under K-transformations, are called "spectator" vector fields. Given a particular scalar manifold, one can classify the allowed gaugings and resulting field content via the above analysis. On the other hand, if a particular gauge group and field content is desired, one can classify the scalar manifolds that allow them. Before analyzing the problem with particular scalar manifolds in mind, we can state some general features regarding gauging. These results (and a discussion of them) can be found in [26] .
• Clearly, to gauge a compact group K, there must be at least n = dim(K) vector supermultiplets.
• Gauging a compact semi-simple group K yields at least one K-singlet vector field (which can be identified as the graviphoton). If there is an abelian factor in K, the graviphoton can be the corresponding gauge field.
• If K is compact and there are non-singlets appearing in eqn (3.1), the corresponding vector fields must be Hodge dualized to tensor fields satisfying "self-duality" relations.
• There can be tensor fields transforming in non-singlet reps of the compact gauge group K iff at least one abelian isometry from M R is gauged. 4 In the appendix A, we review the fact that a rank-3 symmetric tensor C IJK defines a pure MESGT completely. From the discussion in appendix C.1, it is clear that compact gauge groups with singlet graviphoton may be obtained, with no other vector fields in singlet or other non-singlet K-reps. However, we should note that there can be important implications in four dimensions (either in the dimensional reduction or orbifold effective theory) based on one's choice of C IJK components (as this is responsible for determining the Kähler scalar manifold found from orbifolding the YMESGT sector).
We can abandon the restriction of minimal field content (i.e., relax the choices made in appendix C.1) if non-trivial C IJK are desired.
That being said, our first focus in this paper is on obtaining a hypermultiplet field content used in orbifold-GUTs, so we will assume one of the choices in appendix C.1 has been made for the hypermultiplet discussion. Of course, once we move on to non-compact gaugings and tensor couplings, we will not be assuming a particular form for C IJK . Now that we know where our gauge fields are coming from, it may be desirable to have 5D fermions and scalars in non-singlet representations of the gauge group as in orbifold-GUTs. There are two avenues here:
• Couple hypermultiplets to the simple MESGT described in appendix C.1 (or some other MESGT if desired); this is the discussion of section 3.2, or
• Consider a new MESGT with non-singlets in the decomposition under the desired gauge group K (in which case we must deal with tensor fields and at least one abelian factor in the gauge group); such is the discussion of section 4.
YMESGTs coupled to n H hypermultiplets
The coupling of n H hypermultiplets in 5D N = 2 supergravity is briefly discussed in appendix B (the main reference being [30] ). The scalar fields in the n H hypermultiplets parametrize a quaternionic manifold, M Q , of real dimension 4n H (the quaternionic dimension is dim H (M Q ) = n H ) [14] . The total scalar manifold of a MESGT coupled to hypermultiplets is then
Once again, one can gauge a subgroup K ⊂ G ⊂ Iso(M). In particular, since we want non-trivially charged hypermultiplets, K ⊂ Iso(M R )×Iso(M Q ), where K is non-abelian and simple, or including an abelian factor. For the non-abelian part,
Again, if the abelian factor consists of an isometry of M R , we must have tensors charged under at least this factor. If it consists only of an isometry of M Q , no charged tensors are present.
Due to supersymmetry, the scalars in 5D hypermultiplets must generally form the
representation of any gauge group we consider, where i labels pseudoreal irreps and α labels real and complex irreps. Notice the factor of two (not four) in front of the pseudoreal terms; this is due to the fact that such 5D hypermultiplets can be split into two 4D chiral multiplets each in a pseudoreal irrep of a gauge group, which is a reflection of the fact that they are self-conjugate. The main groups of concern here (SU (5), SO (10), and E 6 ) do not carry pseudoreal representations. However, E 7 has the 56, which will play a role later on. Let us set our notation. A 5D N = 2 hypermultiplet contains four real scalars. If 4m scalars form the real or complex representations m H ≡ 2(m ⊕m), we say that the hypermultiplet is in the m (we do not need to distinguish fromm). If the 4m scalars form the pseudoreal m H = 2[2m], we will denote the hypermultiplet as being in the 2m. A 4D N = 1 spin-1/2 multiplet contains two real scalars. If 2m scalars form the real or complex m C ≡ m ⊕ m, we say that the spin-1/2 multiplet is in the m (or equivalently, there is a chiral plet in the m and its CPT conjugate); while if the 2m scalars form the 2m, we say the spin-1/2 multiplet is in the pseudoreal 2m.
To list the hypermultiplet content allowed by supergravity, one starts with a particular quaternionic scalar manifold admitting the desired gauge group and corresponding to some number of hypermultiplets. The scalars transform in the above representation of the maximal compact subgroup of Iso(M Q ). The representations break down under the global symmetry group of the Lagrangian,
Finally, under the group we wish to gauge, K ⊂ G, the scalars decompose further; the spectrum of hypermultiplet representations in the theory.
It is a simple exercise to write down the list of possible matter representations given a gauge group and quaternionic scalar manifold. We first list the hypermultiplets that appear in theories based on homogeneous/symmetric spaces, followed by a brief discussion of those based on homogeneous/non-symmetric quaternionic scalar manifolds. We then make comments on non-homogeneous quaternionic scalar manifolds in section 3.5.
Theories based on homogeneous quaternionic scalar manifolds
Homogeneous spaces are characterized by the fact that the isometry group acts transitively on the space M. Such spaces are isomorphic to Iso(M)/H, where H is the isotropy group of M. Generally, though not always, homogeneous spaces are the ones admiting large isometry groups, which can then admit large gauge groups. A listing of the homogeneous "special" quaternionic manifolds appearing in the coupling to supergravity (in 3, 4, and 5 spacetime dimensions) can be found in [32] ; the spaces we are interested in are given in table 1. For these theories, H is the symmetry group G of the Lagrangian. Table 1 : List of relevant homogeneous quaternionic scalar manifolds for the discussion in the paper. The "type" of space is the classification name as in [32] ; the number of real scalar fields is 4 dim H (M Q ); the scalars form reps of the isotropy group H Q as listed.
After reducing the scalars of these theories down to reps of E 6 , SO(10), and SU (5), we find the possible hypermultiplet representations charged under those gauge groups; they are given in tables 2, 3 and 4, respectively. We have listed those cases with the lowest irrep dimensions (with the exception of the case L(0, 74)). 
Homogeneous, non-symmetric spaces
Other L(q, P):
We will now go through the type of hypermultiplet content obtained by coupling homogeneous/nonsymmetric quaternionic scalar mnaifolds to supergravity. There will generically be a number of gauge singlets in addition to non-trivial irreps. The isotropy group for quaternionic scalar manifolds L(q, P ) that are homogeneous, but non-symmetric is
where S q (P,Ṗ ) is given in table 10 of [32] . The quaternionic dimension of the manifold is
The isometry algebra has a three-grading with respect to a generator ǫ ′ :
where spinor is the spinor representation of so(q + 3, 3), which is dimension 4D q+1 .
• SU(5) ⊂ H The only way this can arise is when S q ≡ U (5); in turn, this occurs for:
When we gauge SU (5), the scalars will then have the following representation under the gauge group:
• SU(6) ⊂ H Again, the only way to get this is to have S q ≡ U (6). This case is then similar to the above, with P = 6. We will get vectors and singlets of SU (6), and therefore 5s and singlets of SU (5).
• SO(10) ⊂ H A. S q ≡ SO(10) The choices are then 1  10  13  1  2  10  25  7  16  10  171 The scalars in these cases form the following representation under SO (10):
These spaces have quaternionc dimension 11 + 16P . However, under an SO(10) subgroup of the isotropy group, the scalars form a set of representations inconsistent with supersymmetry, as they do not form quaternions that can sit in 5D hypermultiplets. Thus, neither SO(10) nor its SU (5) subgroup can be consistently gauged.
• Sp(10) ⊂ H This case is similar to the above and will not be discussed.
Comments on theories based on non-homogeneous spaces
Non-homogeneous real and quaternionic scalar manifolds are relevant in string compactifications. For example, it has been shown that, in the special case of the universal hypermultiplet of string compactifications, the quaternionic scalar manifold generally becomes non-homogeneous after string corrections are considered [33] . In string theory on a CalabiYau manifold, 1-loop effects can show up in 11D supergravity on a Calabi-Yau, and thus can appear in compactifications to 5D. However, non-homogeneous quaternionic manifolds have not been generally classified; in particular those admiting relatively large isometry groups (suitable for obtaining large gauge groups with charged hypermultiplets in phenomenologically interesting representations). We can list three methods from the literature for obtaining (non-compact) non-homogeneous quaternionic manifolds.
(i) In 5D, it has been shown that there are Maxwell-Einstein supergravity theories with large isometry groups based on real non-homogeneous manifolds parametrized by scalars from the vector multiplets [26, 34] . By dimensionally reducing these five-dimensional theories to three dimensions, we can obtain non-homogeneous quaternionic scalar manifolds with large isometry groups, which we can couple to 5D supergravity. Such a reduction was done for the theories with a special class of symmetric scalar manifolds [35] , and later an analysis for more general homogeneous spaces appeared [32] . An analysis of the isometries of the nonhomogeneous quaternionic spaces arising from the theories in [34] is a work in progress by the authors of [36] .
(ii) One may construct 4n + 4-dimensional non-homogeneous quaternionic manifoldsM by fibering over an arbitrary 4n-dimensional quaternionic base manifold M with isometry group Iso(M), as discussed in [37] . The isometry group is locally Iso(M) × SU (2).
(iii) In [38] , it was shown how 4n-dimensional generalizations of the four-dimensional nonhomogeneous quaternionic space of Pedersen [39] (originally considered by Hitchin) could be constructed. These spaces have SU (n) × SU (2) × U (1) isometries, and seem to be nonhomogeneous forms of the space L(−2, P ) in table 1. Aside from the spaces that are cosets of exceptional groups, most of the infinite families of quaternionic manifolds classified to date are quaternionic quotients by quaternionic isometries of the quaternionic projective space HH n = Sp(2n + 2)/Sp(2n) × SU (2), or non-compact or pseudo-quaternionic forms thereof. The spaces in [38] are of this type, and are presumably pseudo-quaternionic analogues of the spaces L(−2, P ) in table 1. We will not attempt to discuss the possible roles of these theories within this paper.
Summary and discussion: YMESGTs coupled to hypermultiplets
Just as all compact gaugings are possible in pure MESGTs, all compact gaugings are possible when coupling to non-trivially charged hypermultiplets. For example, the theories of type L(0, P ) admit any compact gauge group K, since the adjoint representation of K can always be embedded in the fundamental representation of SO(P + 4) if P + 4 ≥ dim(K). However, the resulting hypermultiplet content may be undesirable. This then restricts the number of theories in which we can obtain both the gauge group and hypermultiplet content desired (a theory being uniquely determined by the scalar manifold up to possible arbitrary parameters). The restriction is even more severe than this. It is not guaranteed that an arbitrary set of hypermultiplets can be obtained by finding a suitable quaternionic manifold admiting the desired gauging. This is clear at least within the set of quaternionic scalar manifolds that are homogeneous, as discussed in this paper. For example, one may not obtain an arbitrary number of hypermultiplets in the 10 of an SU (5) gauge group. It should be noted that one may not get around this restriction by simply coupling two quaternionic scalar manifolds M 1 and M 2 such that M Q = M 1 × M 2 , since these are no longer quaternionic manifolds. A quaternionic structure is necessary for coupling to supergravity [14] .
However, there is a way to construct new quaternionic manifolds from a pair (M 1 , M 2 ) of quaternionic manifolds, as discussed in [40] . The construction relies on the fact that a 4n-dimensional hyper-Kähler manifold (Sp(2n) holonomy) can be constructed as a bundle over a (4n − 4)-dimensional quaternionic manifold (Sp(2n − 2) × SU (2) holonomy). Let M 1 , M 2 be quaternionic scalar manifolds of dimension 4n 1 and 4n 2 , respectively. Then there exists a 4n 1 + 4n 2 + 4-dimensional quaternionic manifold J (M 1 , M 2 ) called the "quaternionic join". Let U 1 , U 2 be the hyper-Kähler bundles with base manifolds M 1 and M 2 , respectively. The hyper-Kähler manifold U 1 × U 2 is then the bundle over J (M 1 , M 2 ) . Locally, the manifold
The construction requires hyper-Kähler manifolds admitting a hyper-Kähler potential (a Kähler potential for each of the three complex structures). The global manifold does not need to carry the isometries of M 1 or M 2 , which may ruin the options for gauging. Even if a particular gauge group is still allowed, the local structure does not necessarily admit the representation
is the representation of the scalars (parametrizing M) under the gauge group. This is in contrast with the case of vector and tensor scalars, which locally form a product structure M V × M T so that in any neighborhood, scalars can always be divided up into
representations of a "vector sector" and reps of a "tensor sector".
Theories with only bulk Higgs coupling
In many phenomenological models, the bulk theory is a super-Yang-Mills theory coupled to bulk Higgs hypermultiplets in particular representations of the gauge group. It is simple to obtain such field content in supergravity. In the case of SU (5) gauging, one can couple any number n of hypermultiplets in the 5 by coupling the scalar manifolds L(−3, 5n − 1) or L(−2, 5n+2). In the case of SO(10) gauging, one can couple any number n of hypermultiplets in the 10 by coupling the scalar manifold L(0, 10n − 4). In gauging E 6 , any number n of hypermultiplets in the 27 may be obtained by coupling to the scalar manifold L(−2, 27n − 2).
Theories with bulk matter
As an interesting illustration of the options that supergravity allows (within the homogeneous quaternionic cases), it appears that to obtain a generation of bulk matter hypermultiplets in the 5 ⊕ 10 of SU (5) one must include a gauge singlet hypermultiplet (see table  4 ). But the corresponding theory of type L(4, 1) naturally allows gauging of SO (10), under which the hypermultiplets form the irreducible 16 (see table 3 ). One can then orbifold one of these theories as desired.
If a Higgs sector and single generation of matter hypermultiplets is to be coupled in the bulk SU (5) theory, one must add two or three additional singlets, which corresponds to the coupling of a different scalar manifold: L(−2, 25) or L(8, 1), respectively (see table 3 ). Now the field content can sit in smaller set of reps if we gauge E 6 instead, under which the hypermultiplets form a single 27 or 27 ⊕ 1, respectively (see table 2 ). Again, one may then orbifold one of these theories as desired. One can go further. The hypermultiplets in the 27 ⊕ 1 in the L(8, 1) theory can form the 56 pseudoreal irrep if we gauge the E 7 allowed by that space. Upon orbifolding the E 6 theory, we would get a chiral multiplet in the 27 ⊕ 1 and its CP conjugate. Orbifolding the E 7 theory yields a spin-1/2 multiplet in the self-conjugate 56, which is not good phenomenologically.
Finally, suppose one desires three generations of matter and Higgs in an SU (5) theory. Once again, one must couple two additional singlet hypermultiplets for each generation, corresponding to the scalar manifold L(−2, 79). This begs the question why we shouldn't gauge E 6 instead such that the fields form three generations of 27.
One might instead envision the breaking in five dimensions of SO(10) to SU (5) gauge group in the theory with scalar manifold L(4, 1). If spontaneous, this breaking would require an additional 5D Higgs sector, which would require a coupling of a different quaternionic scalar manifold. For example, one would have to couple to L(−2, 25) or L(8, 1), which introduce additional gauge singlets. Note that if the group is broken to SU (5) × U (1), the U (1) factor consists of mixture of gauged real and quaternionic manifold isometries (since all of the SO(10) gauge symmetries are gauged isometries of both the real and quaternionic scalar manifolds). However, tensors charged under this U (1) are not required since there are massive vector multiplets from the Higgs mechanism that take their place.
Similarly, we could evisage the spontaneous breaking of the above E 6 theory to SO(10).
We'd need to couple a new scalar manifold admitting a Higgs sector (the simplest being L(−2, 52) or L(0, 50) with two 27s), but this would make the field content more complicated in the end. Alternatively, the 5D breaking could be performed by Wilson lines of, e.g., the U (1) factor in the subgroup SU (5) × U (1) ⊂ SO(10) or of SO(10) × U (1) ⊂ E 6 . Some details of such breaking and the relation to parity assignments is discussed in [41] ; for related issues of boundary conditions and Wilson lines in S1/Γ orbifold field theory scenarios, see [42] .
Partial unification in four dimensions
Most of our discussion is in the context of orbifold-GUTs wherein the Standard Model gauge group remains at one of the fixed points. If one wants to break to a partially unified group at one of the fixed points, the Higgs content in the bulk must of course be enlarged (suppose that we do not wish to turn to string theory and its twisted sector states).
In four dimensions, we would need the 16 ⊕ 16 of SO (10) to break the Pati-Salam gauge group (PS) to that of the SM (we need the (4, 1, 2) of PS and its conjugate to perform the breaking), as well as the electroweak breaking. Since each hypermultiplet can provide a 4D left-chiral 16 or 16, we will need to have 2 five-dimensional hypermultiplets in the 16. In addition, a single generation of matter is in the 16 of SO(10). The minimal way to get multiple 16s in the bulk is by coupling an SO(10) YMESGT to hypermultiplets whose scalars parametrize the manifold L(−2, 27n − 2); that is, we must have n hypers in the 1 ⊕ 10 ⊕ 16. Therefore, extra fields must come along (n copies of (2, 2, 1) ⊕ (1, 1, 6) ⊕ (1, 1, 1) of SU (2) × SU (2) × SU (4)). These extra states will show up as color triplets and extra weak doublets and singlets, and must be made massive via boundary conditions. This in turn will affect the gauge coupling running, possibly adversely. Anyway, the necessary additions beg the question: why not gauge E 6 instead so that the fields form an irrep?
To round out the discussion, suppose we wish to have an SU (3) 3 trinification [43] scenario at the fixed points of the orbifold. In four dimensions, we would need the 27 ⊕ 27 of E 6 to break the trinification group (TG) to SM, and then down to the visible SU (3) c × U (1) em . Since the color singlets inside the 27s are used to perform gauge symmetry breaking, we must add an additional 27 for each generation of matter. We can obtain such a model by coupling an E 6 YMESGT to n hypermultiplets whose scalars once again parametrize the manifold L(−2, 27n − 2).
YMESGTs coupled to tensor multiplets
As mentioned previously, we may gauge any compact group in the framework of 5D N = 2 supergravity, but we cannot presume any charged field content we like. A real Riemannian scalar manifold must be specified for which K ⊂ G ⊂ Iso(M R ). In [28] , it was shown that tensor multiplets carrying non-trivial representations of a group G and satisfying a self-duality condition are required to come in complex conjugate pairs Σ i m i ⊕ Σ imi . However, it was shown in [29] that, when gauging K, the complex K-representations should be of "quaternionic type" 5 ; that is, symplectic representations. Tensor multiplets charged under a gauge group K therefore arise when there are symplectic, non-singlet representations of K in the decomposition appearing in eqn(3.1). It is sufficient to find complex representations of a compact gauge group K semi−simple × U (1) coming in pairs m ⊕m.
We may now look for gauge theories we are interested in that admit tensor couplings. We will ignore any coupling to hypermultiplets here so that the scalar manifold is M R , and we can gauge K ⊂ G ⊂ Iso(M R ), where G consists of isometries that are symmetries of the Lagrangian. In appendix A, it is recalled that a rank 3 symmetric tensor C IJK uniquely determines the form of a MESGT (up to possible arbitrary reparametrizations). Thus, the non-trivial invariance group of this tensor is precisely G. An algebraic analysis of the form of this tensor is useful for understanding the vector and tensor field content in a YMESGT, and for gauging purposes is equivalent to the geometric analysis of the form of the scalar manifold and its isometry group. Note that we are now abandoning the simple choice made in appendix C.1 wherein C ijk = 0.
It was shown in [29] that for theories based on homogeneous, symmetric real scalar manifolds, there aren't any large non-abelian gauge groups (such as the typical GUT groups) with charged tensors.
Homogeneous, non-symmetric scalar manifolds
These scalar manifolds are described in [32] . The presence of tensor fields in these theories was addressed in [29] , though we perform a slightly different analysis.
The isometry algebra has a one-grading with respect to a generator λ:
where spinor denotes the spinor representation of SO(q + 1, 1) of dimension D q+1 , and the groups corresponding to the algebras s q (P ) are listed in [32] . The isotropy group is
where S q (P,Ṗ ) is the group corresponding to the algebra s q (P,Ṗ ). The dimension of the real Riemannian scalar manifold is (n − 1) = 2 + q + D q+1 P. The vector multiplets form the following representation under H:
The condition for gauging a group K is that the adjoint representation of K should appear in the decomposition into K-reps (see eqn(3.1)).
• K ⊂ SO(q + 1) and q ≥ 9, D q+1 ≥ 32, P =arbitrary K = SU(5) (i) If 10 ≤ q + 1 ≤ 23, then the only possibility for the adjoint rep of K to exist is if the spinor rep of SO(q + 1, 1) contains it in the decomposition. The spinor rep is of dimension 32 ≤ D q+1 ≤ 4096 in our special case. It seems that the largest representation dimension decomposing from the spinor representation of SO(q + 1, 1) is the 16 of SO(10) so that we cannot gauge SU (5).
(ii) If q + 1 ≥ 24, any value of q in this range allows gauging of SU (5) • K ⊂ S q (P ) ≡ SO(P ) with P ≥ 10
We require that adj(K) ⊂ vector[S q (P )]. The adjoint of any compact Lie group sits in the n of SO(n) if n ≥ dim[adj(K)]. There will then be n − dim[adj(K)] spectator vector fields in addition to the graviphoton. Therefore, no tensors charged under a non-abelian gauge group appear.
• K ⊂ S q (P ) ≡ U (P ) with P ≥ 5 The values of q are restricted to q = 2 mod(8) and 6 mod(8). Again, we require adj(K) ⊂ vector[S q (P )]. The vector fields form the 1
For the adjoint of U (5) to appear, we require P ≥ 25. However, there aren't any tensors to be charged with respect to the U (1) factor. This applies for other non-abelian cases.
Non-homogeneous scalar manifolds
• Theory with C ijk = 0 This is the choice in case 1 of appendix C.1. As is clear from the discussion in appendix C.2, these theories do not admit tensor multiplets charged under non-abelian gauge groups.
A set of interesting theories are based on Lorentzian Jordan algebras [34] 6 J A (1,N ) of degree (N +1), where A = R, C, H; there is also the exceptional theory based on J O (1,2) . These theories are listed below, where G denotes the invariance group of the Lagrangian. In constrast to the theories with homogeneous scalar manifolds, these theories admit GUT groups coupled to non-trivially charged tensor multiplets. For phenomenological reasons, though, we focus on SU (5) × U (1) gauging.
These theories are all examples of "unified" MESGTs, in the sense that there is a continuous symmetry connecting every field of the theory: 7
where horizontal arrows represent (local) supersymmetry action, and the vertical arrow represents the action of a simple global symmetry group G, like those listed in the above theories.
(For more on unified MESGTs, see [24, 34] .) A general discussion of the tensor couplings in these theories can be found in [34] , which we use to write down the theories of interest to us here.
One can gauge SU (n) × U (1) ⊂ SO(2n, 1) (with N = 2n), obtaining tensors in
In particular, gauging SU (5) × U (1) (n = 5), we get tensors in (15 ⊕ 15) ⊕ (5 ⊕5).
•
If we gauge SU (N )×U (1) ⊂ SU (N, 1), we get tensors in the N⊕N. In particular, taking N = 5, we get 5⊕5 tensors. More generally, consider gauging SU (5)×U (1) ⊂ SU (5n, 1); we get n sets of tensors in the (5 ⊕ 5) of SU (5).
Next consider N = 27 and gauge E 6 × U (1) ⊂ SU (27) × U (1) ⊂ SU (27, 1). This yields 704 fields outside of the adjoint representation.
Gauging SU (N, 1) ⊂ U Sp(2N, 2), we get tensors in
Choosing N = 5, we get 15 ⊕ 15. Under SU (5) × U (1), this becomes (5 ⊕ 10) ⊕ (5 ⊕ 10).
The symmetry group of the Lagrangian is too small to gauge a GUT group.
We summarize the theories with reasonable numbers of tensor couplings in table 5. They are all of SU (5) × U (1) type gauging. 
Summary and discussion: YMESGTs coupled to tensors
Within the class of theories discussed in this paper, the only ones admitting reasonable numbers of tensor multiplets of interest in GUTs are the those based on Lorentzian Jordan algebras discussed in the previous section. Table 5 lists the theories for the case of SU (5) × U (1) gauge group (they were discussed in [34] ). Generically, the gauging GUT groups starting from a given MESGT is associated with large numbers of tensors and spectator vector fields. We have not systematically considered E 6 × U (1) gauging with tensor multiplets, though it appears that these theories also have large numbers of tensors and singlets. A large number of unwanted tensor multiplets can be troublesome in orbifold-GUT models since one cannot get rid of all of the field content in these multiplets via orbifold boundary conditions (this is shown in [44] ).
There are other families of tensor couplings with non-homogeneous scalar manifolds that we have not discussed in this paper. Although the geometry of these scalar manifolds is not understood, an algebraic discussion of such theories can be found in [26] .
Non-trivially charged tensor multiplets offer a possible way to introduce scalar fields in non-trivial gauge group representations in a more economical way; for every hypermultiplet introduced, there are four real scalars, whereas for every tensor muliplet introduced, there is only one real scalar. Such a 5D GUT model is considered in [45] . The authors consider a field content that consists of gauge multiplets for SU (5), 10 tensor multiplets (in the 5 ⊕5 of SU (5)), a spectator vector multiplet, and a graviton multiplet. The theory is not obtained from an explicit scalar manifold, though and appears to be obtained by decomposition of SU (5) ⊂ G, with G = SU (6) or a non-compact form thereof. However, one must recall that, if tensor mulitplets non-trivially charged under a compact gauge group K, there must be at least one abelian factor (corresponding to an isometry of the real scalar manifold).
Example of gauging with tensor couplings
Within the framework of supergravity that we have reviewed throughout, the above model can be obtained from the theory based on Lorentzian Jordan algebra J C (1, 5) . Gauging SU (5) × U (1) ⊂ SU (5, 1) yields a theory with the 35 vector fields decomposing into 1 ⊕ 5 ⊕5 ⊕ 24 under U (5). The 5 ⊕5 vectors must be dualized to tensor fields, and the singlet gauging the U (1) is the graviphoton. Under particular boundary conditions of the theory, one can obtain massless chiral multiplets in the 5 ⊕5 along with their CPT conjugates, which can therefore potentially serve as a Higgs sector. Otherwise, these will lead to massive vector multiplets in the 5 ⊕5. More details of this will be shown in [44] , which decribes the options for parity assignments in 5D N = 2 orbifold supergravity theories. Note that the graviphoton is required in the gauging. This theory comes from the gauging of a unified MESGT, where all of the fields had been connected by a continuous global symmetry; the gauging of SU (5) × U (1) then disconnects the gravity and vector supermultiplets.
Obtaining a simple unifying group appears difficult starting from a theory with K simple × K abelian and charged tensors. One could be satisfied with a partially unified group like the "flipped SU(5)" model with SU (5) × U (1) gauge group [46] . But suppose we wish to embed the above theory into one with a simple compact gauge group. There will be tensors at each stage of the embedding, requiring a U(1) factor, until the tensor reps lie in the adjoint of the simple group. Starting from SU (5) × U (1), that group is E 8 . However, starting with such a gauge group, there must be a mechanism for breaking it down the line to SU (5) × U (1); a Higgs mechanism will yield massive vectors, not tensors. So we cannot embed the tensor coupled theory in this way. Anyway, we don't know of a real scalar manifold admiting an E 8 gauging unless we take the theory defined by C ijk = 0. But tensor couplings require non-trivial C-tensor components (see appendix C.2). It could be that tensor multiplets have a natural home in higher dimensional unification scenarios.
There is an alternative scenario in 5D that allows tensor coupings with simple groups: non-compact gaugings. This is the topic of the next section.
Non-compact gaugings and unified YMESGTs
In contrast to their rigid limits, 5D N = 2 supergravity theories coupled to vector multiplets admit non-compact non-abelian gauge groups while remaining unitary. Such gaugings have been considered since the 1980's [35, 34] . The ground states of these theories preserve at most the maximal compact subgroup as a symmetry group, with the non-compact gauge multiplets becoming 5D BPS massive:
where M is the index for the non-compact generators of the gauge group (and m is the tangent space index for the scalar manifold coresponding to the directions of the non-compact gauged isometries).
Example of Higgs sector from non-compact gauging
Consider the infinite family of YMESGTs based on the Lorentzian Jordan algebras J C
(1,N )
with gauge group SU (N, 1) . This family of YMESGTs are known as unified in the sense that there is a continuous (and in this case local) symmetry relating every field in the theory; see the schematic in section 6.3, where horizontal arrows represent (local) supersymmetry transformations, and vertical arrows now represent the action of a simple gauge group involving all the vector fields of the theory (For more on unified YMESGTs, see [35, 34, 36] .) The ground state of these theories preserves at most an SU (N ) × U (1) symmetry group, while the 2N non-compact gauge fields transforming in the N ⊕N become BPS massive.
In particular, we may consider the N = 5 case: we have an SU (5, 1) gauge group with 35 gauge fields. The ground state of the theory can have at most SU (5) × U (1) gauge group with the remaining 10 vector multiplets in the 5 ⊕5 becoming BPS massive. This could be a unified theory into which flipped SU (5) is embedded, since U (5) is not simple, but SU (5, 1) is. Note that the scalars in the non-compact gauge multiplets are eaten by the vector partners, and so we cannot obtain 5D Higgs scalars from these theories. Upon dimensional reduction, a 5D N = 2 BPS vector multiplet yields a 4D N = 2 BPS vector multiplet:
where the real scalar fields A M come from the reduction of 5D vectors. Truncating to N = 1, we would expect a massive 4D N = 1 vector multiplet; we would not obtain 4D massless Higgs scalars. However, just as in the case of tensor multiplets on the orbifold, one can assign parities appropriately so that instead of a massive vector multiplet, we are left with massless 4D N = 1 chiral multiplets in the 5 ⊕5 along with their CPT conjugate multiplets. One can use orbifold parity conditions to obtain a subgroup of SU (5) × U (1) and/or use a vev on the boundaries to perform the breaking, as is usually done in orbifold models.
Example of non-compact gauging with tensors
One can also now have tensor multiplets charged under a simple gauge group. For example, one can gauge SU (N, 1) in the theory based on the Lorentzian Jordan algebra N ) , with charged tensor multiplets in the
(see section 6.3). The theory is a unified YMESGT coupled to tensors. The original MESGT is a unified theory, but when gauged, the tensor sector is "cut off". In particular, consider the case of N = 5; we get the unified gauge group SU (5, 1) again, but now coupled to tensors in the 15 ⊕ 15. The ground state has at most SU (5) × U (1) gauge group, with 5 ⊕5 BPS massive vector multiplets, and tensor multiplets in the (5 ⊕ 10) ⊕ (5 ⊕ 10). This theory can then be orbifolded [44] .
Though one may obtain non-compact gauged supergravity theories from "compactification" of M-or string theory on non-compact hyperboloidal manifolds [47] , it is not clear that this is the only way to obtain such gaugings from a more fundamental theory in higher dimensions.
Conclusion
Using the results of [24, 34] , we have pointed out that, within the classification of homogeneous quaternionic scalar manifolds, one cannot choose any pairing of gauge group and hypermultiplet representations one likes. However, we have shown how orbifold models considered in the literature can be constructed in supergravity via these manifolds (without the introduction of boundary localized fields).
• Any number n of 5D Higgs hypermultiplets in the 5 or 10 can be embedded in an SU (5) or SO(10) (resp.) gauge theory by coupling the relevant homogeneous scalar manifolds in tables 4 and 3 (resp.).
• If a single generation of matter in the 5⊕10 of an SU (5) theory is desired, an additional singlet must be coupled (see table 4 ). The theory is characterized by the coupling of the scalar manifold (see table 1 )
But this theory admits an SO(10) gauging under which the matter forms the 16 (table  3) .
• If n generations of bulk matter and Higgs multiplets in the
of the gauge group SU (5) are desired, two additional singlets must be added (see table  4 ). This corresponds to the coupling of the scalar manifold (see table 1 )
.
But this theory admits an E 6 gauging under which each generation of fields form the 27 (table 2) .
Since there are no known quaternionic scalar manifolds with compact E 8 isometries, there isn't a unification of generations into an irreducible representation within the framework of 5D supergravity. However, multiple generations arise in Calabi-Yau compactifications of string or M-theory, and are therefore expected to appear in the supergravity approximations in four and five dimensions, respectively. In all of the above cases, M R is whatever scalar manifold one has chosen, with the following constraints:
(i) The isometry group must admit the gauge group as a subgroup, and (ii) If the decomposition of the n V + 1 vector fields under the compact gauge group has non-singlet (not including the adjoint) representations, the corresponding vectors must be dualized to tensors and at least one abelian isometry must be gauged.
For minimality, one may take the space described in section 4 in which all of the vector fields gauge the group of interest, except the graviphoton, which is a spectator in the compact gaugings of scalar manifold isometries. However, it should be emphasized that this choice is not motivated by any other compelling phenomenological reason.
As an alternative scenario to hypermultiplets in the bulk, we may attempt to put the Higgs scalars or matter fields in tensor multiplets; however, gauging a compact subgroup of Iso(M R ) with charged tensors requires the group to have at least one abelian factor. For example, we may consider the 5 ⊕5 tensor multiplets of the SU (5) × U (1) gauge theory based on the Lorentzian Jordan algebra J C (1, 5) . This is a more economical approach, in the sense that one uses only 10 scalars as opposed to the 40 (in this example). Even though theories with tensor couplings do not involve a simple gauge group, there is the partial unification model based on SU (5) × U (1) ("flipped SU (5)"). Furthermore, a generation of matter can sit in a bulk (5 ⊕ 10) ⊕ (5 ⊕ 10) by coupling the real scalar manifold based on the Lorentzian Jordan algebra J H (1, 5) . We will thus be left with a non-chiral theory. Non-compact gauge groups in 5D supergravity are another novel way to get 4D massless chiral multiplets in interesting representations of the gauge group. We have mentioned the example of a unified SU (5, 1) YMESGT based on the Lorentzian Jordan algebra J C (1,5) , though there is an infinite family of such non-compact gaugings; the theories based on J C admit unified SU (N, 1) YMESGTS. Unified here, is in the sense that all fields of the YMESGT are connected by a combination of supersymmetry and gauge transformations; therefore, this is in some sense in between the ideas of Grand Unification and gauge/gravity coupling unification.
Future Directions
In a subsequent paper, we shall discuss more general orbifold supergravity theories, with focus on the classes of allowed Z 2 parity assignments. We will pay particular attention to implications in orbifold-GUTs, though, and much of it will be complementary to the discussions throughout the current paper. Although many of the parity assignments have been used by a number of other authors over the years, we want to clear up the options in the framework of N = 2 5D supergravity, and discuss the resulting classes of theories one can obtain based on the choices made. We argue that these classes of theories are in correspondence with particular classes of compactifications of M-theory on singular 7-spaces of G 2 holonomy (those that admit an intermediate range of energies where the universe appears five dimensional); see [48] , e.g., for related discussion.
Appendices
A. 5D N = 2 Maxwell-Einstein Supergravity [24] An N = 2 5D Maxwell-Einstein supergravity theory (MESGT) consists of a gravity supermutiplet {e m µ , Ψ i µ , A 0 µ } and n V vector supermultiplets {A i µ , λ i a , φ x }. The total field content is therefore {e
where I = (0, 1, ..., n V ) labels the graviphoton and vector fields from the n V vector multiplets; i = (1, 2) is an SU (2) R index; and a = (1, ..., n V ) and x = (1, ..., n V ) label the fermions and scalars from the n V vector multiplets. The scalar fields parametrize an n V -manifold M R , so the indices a, b, . . . and x, y, . . . may also be viewed as flat and curved indices of M R , respectively. The 5D bosonic Lagrangian is
where we are using a spacetime metric with signature (− + + + +). The A I µ are abelian vector fields:
The quantityê is the determinant of the fünfbein. The rank three tensor C IJK is constant and symmetric. The tensorsȧ IJ (φ) and g xy (φ) are symmetric and scalar dependent.
We will now describe the target space geometry of the theory. Introducing (n V + 1) parameters ξ I (φ) depending on the scalar fields, the tensor C IJK appearing in the Lagrangian can be associated with a cubic polynomial
This polynomial defines a symmetric tensor
The parameters ξ I can be interpreted as coordinate functions for an (n V + 1)-manifold, which we call the ambient space. The tensor a IJ , which may have indefinite signature, defines a metric on this space. However, the coordinates are restricted via V(ξ) > 0 so that the metric is positive definite, which means that the manifold is Riemannian. The equation V(ξ) = k (k ∈ R) defines a family of real hypersurfaces, and in particular V(ξ) = 1 defines a real n V -manifold corresponding to the scalar manifold M R . The functions h I and h I x that appear in the full Lagrangian (they appear explicitly in fermionic terms) are directly proportional to ξ I | V=1 and ξ I ,x | V=1 , respectively; the h I are essentially embedding coordinates of M R in the ambient space.
The tensorȧ IJ appearing in the kinetic term for the abelian fieldstrengths is the restriction of the "ambient space" metric to M R :
The tensor g xy in the kinetic term for the scalar fields (the metric of the scalar manifold) is the pullback of the restricted ambient space metric to M R :
Both of these tensors contracting the fieldstrengths and scalars in the kinetic terms are positive definite (due to the constraint V > 0 we imposed), and therefore the theories are free of ghosts.
Since the C IJK tensor completely determines a MESGT, the global symmetry group of the Lagrangian is given by the symmetry group, G, of this tensor, along with automorphisms of the superalgebra: G × SU (2) R . The G-action on the ambient space can be represented by ξ I → M I J ξ J (and similarly for the vector fields), with the M I J satisfying the condition
where parentheses denote symmetric permutations. Since G consists of symmetries of the full Lagrangian, they are symmetries of the scalar sector in particular, and therefore isometries of the scalar manifold M R : G ⊂ Iso(M R ). The full Lagrangian, however, is not necessarily invariant under the full group Iso(M R ).
B. Coupling hypermultiplets to MESGTs [14]
We now consider the addition of n H hypermultiplets {ζ A , q X }, where A = 1, . . . , 2n H and X = 1, . . . , 4n H . The scalars q X parametrize an n H -dimensional quaternionic manifold M Q (4n H real dimensions), where X and A are curved and tangent space indices, respectively; in addition, there are U Sp(2) ≃ SU (2) flat indices of the quaternionic manifold, since the tangent space group is U Sp(2n H ) × U Sp(2). The covariant derivative of the ungauged theory is a linear combination of the flat spacetime connection, the spacetime spin connection, and U Sp(2n H ) × U Sp(2) connections.
C. Gauging of N = 2 5D supergravity
The vector fields in supergravity theories may be elevated to gauge fields. The gauge symmetries come from elevating global symmetries of the Lagrangian to local symmetries. As discussed in appendix A, the global symmetry group of a MESGT is G × SU (2) R , where G ⊂ Iso(M R ) and SU (2) R is the automorphism group of the superalgebra. We use the terminology of [25] when the following groups, K, are gauged:
The extension to MESGTs coupled to hypermultiplets goes the same way. Now, the isometry group of the total scalar manifold is Iso(M) ≡ Iso(M R ) × Iso(M Q ). The global symmetry group of the Lagrangian is G × SU (2) R , where now G ⊂ Iso(M).
The bulk spacetime (preserving supersymmetry) that one will get depends on the choice of scenario: A pure YMESGT does not have scalar potential, so that the bulk spacetime will be flat. A YMESGT coupled to tensors does have a scalar potential, which admits supersymmetric Minkowski vacua. Coupling to hypermultiplets introduces a scalar potential also admitting supersymmetric AdS vacua. We have not discussed the case of a gauged YMESGT (where a subgroup of SU (2) R is gauged), which admits AdS or flat supersymmetric vacua, depending on the linear combination of vector fields used to gauge this factor (coupling to tensors then results in novel supersymmetric vacua) [49, 25, 29, 50] .
C.1 Simple class of YMESGTs without tensor-or hyper-multiplets [24]
We begin with a 5D N = 2 MESGT, which consists of an N = 2 gravity supermultiplet coupled to n V vector supermultiplets. As discussed in appendix A, the theory is completely determined by a rank three symmetric tensor C IJK , which can be put in the canonical form C 000 = 1, C 0ij = − 1 2 δ ij , C 00i = 0, C ijk = arbitrary, (C.1)
where i, j, k = 1 . . . n V . The final expression above represents the existence of a myriad of scalar manifolds for a given value of n V . The scalar manifold, M R , is a real Riemannian n Vmanifold. The (possibly trivial) isometry group is denoted Iso(M R ). The global symmetry group of the Lagrangian, G, is the subgroup that leaves the C-tensor invariant. There are many YMESGTs one can consider, characterized by various choices of C IJK , and the gauging generally requires a number of spectator vector fields and/or the presence of charged tensors (the latter requires an abelian gauge group factor; see section 3). But here we will be interested in particular compact gaugings, with minimal additional field content to make matters simple. There are then two forms of C IJK we are interested in.
(1) Consider the simple theory with n V vector multiplets and
The scalar manifold for this choice of theories is in general non-homogeneous, and the Lagrangian is invariant under the maximum possible group G = SO(n V ) (as is clear from the form of C ijk ). The vector fields decompose as n V ⊕ 1 under G. Thus, the vector fields other than the graviphoton transform in the fundamental representation of SO(n V ); the graviphoton is a spectator vector field. Remark : any choice of C ijk = 0 breaks the global symmetry group of the Lagrangian to a subgroup of SO(n V ), and the n V vector fields will no longer necessarily form an irrep of this new symmetry group.
The adjoint representation of any compact group K can always be embedded in the fundamental representation of SO(n V ) with n V ≥ dim(K); the n V − dim(K) vectors join the graviphoton as spectators.
It follows that, in our case, the adjoint representation of K can be exactly embedded into the n V of SO(n V ) without additional fields (i.e., n V = dim(K). In particular, consider n V = 24 and K = SU (5); n V = 45 and K = SO(10); or n V = 78 and K = E 6 . In this way, we can obtain an SU (5), SO(10), or E 6 YMESGT with singlet graviphoton. Of course, one may consider other compact gaugings similarly. All fields in the vector supermultiplets will be in the adjoint representation of the gauge group, while all fields in the graviton supermultiplet are gauge singlets.
(2) This is not the end of the story, though. One may split the index i = (a, α), and take C ijk to be C abc = bd abc ; C αβγ = 0, where d abc are the d-symbols of SU (n) ⊂ SO(n V ); and b ≥ 0 is a real parameter. The group action preserving the C-tensor is consequently reduced to a subgroup SU (n) ⊂ SO(n V ). Now, K ⊂ SU (n) can be gauged, with the remaining n V − dim(K) vector fields outside the adjoint representation being spectators. Again, if we are interested in minimal field content, then we demand that n V = dim(K), which means that we must restrict out attention to SU (n) gaugings with dim[SU (n)] = n V . There are then no vector fields with α indices (i.e., no singlets). Remark : In contrast to the case of b = 0, for b = 0 we have a single parameter family of theories. The theories are of the same form, since the C-tensor determines couplings in the theory, but there is a single adjustable parameter affecting the strength of those couplings.
C.2 YMESGTs coupled to tensor multiplets [29]
When a MESGT with n V abelian vector multiplets is gauged, the symmetry group of the Lagrangian is broken to the gauge group K ⊂ G. The n V + 1 vector fields decompose into K-reps n V + 1 = adj(K) ⊕ non-singlets(K) ⊕ singlets(K).
The K-transformations of the non-singlet vector fields would break the abelian symmetry associated with each vector, thereby making the corresponding fields massive, which in turn would break supersymmetry. Thus, gauging requires the non-singlet vector fields to be dualized to anti-symmetric tensor fields satisfying a field equation that serves as a "self-duality" constraint (thus keeping the degrees of freedom the same):
where c M N has dimensions of inverse mass; square brackets denote anti-symmetric permutations; and ellipses denote terms involving other fields. A tensor field does not require an abelian invariance to remain massless.
Let us split the vector indexĨ intoĨ = (I, M ), which is a singlet/gauge index and nonsinglet index, respectively. To be consistent with the gauge symmetry, the components of the C-tensor are constrained to be: The presence of non-trivially charged tensors introduces a scalar potential P (T ) that was not present in the case of pure YMESGTs. It is given by
where the h M are functions of the scalar fields in the tensor multiplets (see appendix A).
